It was suggested in [1] , that semiclassically, a partition function of a string theory in the 5 dimensional constant negative curvature space with a boundary condition at the absolute satisfy the loop equation with respect to varying the boundary condition, and thus the partition function of the string gives the expectation value of a Wilson loop in the 4 dimensional QCD. In the paper, we present the geometrical framework, which reveals that the equations of motion of the string are integrable, in the sence that they can be written via a Lax pair with a spectral parameter.
1 Introduction and summary.
According to [1] , [2] , there is a semiclassical evidence, that the expectation value of a QCD Wilson loop in dimension 4 is given by a partition function of a string theory with the 5 dimensional constant negative curvature target space and with a boundary condition on the loop at the absolute, as the partition function satisfy the loop equation with respect to variation of the boundary loop. Semiclassically, the equations of motion are the equations of the minimal surface in the constant negative curvature space with prescribed boundary; and the action is the area of such minimal surface (we sum over minimal surfaces when the solution is not unique). In the paper, we present the equations of motion for such string theory in more geometrical format, which reveals the possibility, that those equations are integrable, since they can be written via a Lax pair with a spectral parameter, and therefore, the methods of boundary integrable models might be applicable, either modern ones like boundary inverse scattering [9] , [10] ; boundary r-matrices, the bootstrap, etc [5] ; or rather more geometrical ones, as they used more then 100 years ago to solve nonlinear partial differential equations such as Liouville, Monge Ampere, and sine Gordon.
Some other geometric and integrability aspects of the methods used in the paper will be published elswhere, [8] , [10] .
2 Moving Frames; surfaces in H (n) ; minimal surfaces.
Frames in M n+1
Let M n+1 be Minksowsky space: a real vector space with the metric η = (−1, 1, 1, . . . 1). A frame in M n+1 is an (n + 1)-tuple of vectors
A standart frame is the following (n + 1) tuple of vectors:
since ( 2) defines a matrix G with G η G T = η, η = Diag (−1, 1, 1, . . . 1), and therefore, G ∈ SO (1, n).
The hyperboloid H (n)
Since
and for a fixed f (0) , the tangent space to the hyperboloid at the point f (0) is spanned by {f (1) , f (2) , . . . f (n) }; indeed, for any α = 1, 2, . . . n,
Suppose at each point of a hyperboloid a frame F is choosen, with f (0) corresponding to the point itself, and other f (α) choosen arbitrary in the tangent space to the hyperboloid; obviuosly it is always possible to do. Since f = G e, ( which is components is
and we arrived at the Maurer-Cartan equations:
In fact, if ( 5) is satisfied, then equations ( 4) are comptaible. It's easy to see that ( 5) is necessary, as if df = ω f, it follows that 0 = d(ω f) = (dωω ∧ ω) f). Therefore, the crucial part in what follows will be to construct one forms satisfying ( 5), as then the frame can be found by integrating the compatible first order equations ( 4).
From ( 1), it follows that
The induced metric on the hyperboloid is just
Since the curvature 2-form on the hyperboloid is
and from Maurer Cartan ( 5) it follows that
It is easy to see that the hyperboloid has constant negative curvature in this language: choose the basis of tangent vectors
A surface in H (n)
Since f (0) is identified with a point on a hyperboloid, a vector-valued function of 2 real varibles f (0) (u, v) defines a surface on the hyperboloid. At each point on the surface, we choose the frame F (u, v) , ( 1), in such a way, that f (1) and f (2) will span the tangent space of the surface (of course, there are many ways to do it); as before, all {f (i) (u, v)}, i = 1, 2, . . . n span the tangent space at f (0) , T f (0) in the hyperboloid H (n) . With this choise,
and
From Maurer-Cartan also dω 0µ = ω 01 ∧ ω 1µ + ω 02 ∧ ω 2µ = 0 From this follows that
where b (µ),α and c (µ) are some functions on the surface. The first fundamental form on the surface is
To each normal (in M n+1 )direction µ = 3, 4, . . . there correspond a second fundamental form,
It's convinient to introduce notations
We choose the conformal coordinates on the surfaces, such that
In this coordinates, < ∂ ∂u
f (0) > = 0, and therefore we can choose f (1) and f (2) in such a way that
with α 02 = 0, β 01 = 0 in notations ( 13). In conformal coordinates ( 14), we also have (α 01 ) 2 = e 2φ and (β 02 ) 2 = e 2φ , thus we can choose
From ( 5), ( 8) 
and therefore, using ( 10),
Lagrangians, Variational derivative, minimal Surface
The equations of motion are just the equations for the minimal surface. They can be obtained from the condition that the variation of the Lagrangian
is zero, δL δf (0) = 0, subject to <δf (0) , f (0) > = 0; the last ensures that we stay on the hyperboloid. In the conformal coordinates ( 14), those equations are
Since <δf (0) , f (0) > = 0, and otherwise arbitrary, it follows that
Minimal surface in H (3) as an integrable system
The Maurer-Cartan equations for the minimal surface ( 23) simplify, and for the surface in H (3) they are (3) ; and α 12 , β 12 are determined by φ, α 12 = −φ v , β 12 = φ u . The system ( 24) appears integrable, as it posesses a Lax pair with a spectral parameter; indeed, ( 24) is the compatibility conditions for the system
Minimal surface in H (5) as an integrable system
The Maurer-Cartan equations for the minimal surface ( 23) in H (5) are
This system of equations appear integrable, and posess a Lax pair with spectral parameter, as follows. We assume that H o = R and say α 45 , β 45 can be represented in the form
with certain functions ψ(u, v), χ(u, v). The Lax pair involves a spectral parameter λ ∈ fontr C, and the unknowns: ψ, χ, the conformal factor φ(u, v), as well as {c m (u, v), b m (u, v)|m = 3, 4, 5}, see ( 10), ( 12), (where b m (u, v) 2 (u, v) , as the surface is minimal); that's all we need to know to be able to find the Maurer-Cartan 1-forms, ( 5), and then the surface itself is obtained by solving linear compatible first order equations ( 4) . 
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